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MATHEMATICS

5 points: A tourist arrives in SigmaCity. The city is somewhat similar to Manhattan:
Streets follow East-West direction, and their numbers are increasing from South to
North. Avenues are perpendicular to the Streets and their numbers are increasing from
East to West (see the Figure. Please ignore the Sigmaway - it is needed for 10pt
problem only). The tourist starts his journey near the train station located at the corner
of 12th Str. and 5th Ave. He knows that

there is a Sigma Museum somewhere -
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Solution: No matter how the tourist walks,

he needs to walk exactly 8 blocks to get to the Museum: 4 to the North, and 4 to the
East. The total number of routes of length 8 is 28 = 256, all of the having the same
probability. Out of them, we need to select only those that have exactly 4 segments
heading North (there rest 4 will be heading east). This numberis (C, = 874# =70. The

probability to ending up near the museum after walking 8 blocks is therefore
70/256=35/128. Which way the tourist walks after that is irrelevant.



10 points: A tourist arrives in SigmaCity. The city is somewhat similar to Manhattan:
Streets follow East-West direction, and their numbers are increasing from South to
North. Avenues are perpendicular to the Streets and their numbers are increasing from
East to West (see the Figure). The tourist starts his journey near the train station
located at the corner of 12th Str. and 5th Ave. He knows that there is a Sigma Museum
somewhere northwest of him, so at each intersection, depending on the traffic light, he
would go North or West, with equal probability.

However, there is one more street in the city called Sigmaway that runs diagonally as
shown in the Figure. The tourist never crosses it, knowing that the museum is located at
the same side of the Sigmaway as the train station. At the intersection with the
Sigmaway he always turns North. What is the probability that the tourist will eventually
reach the Museum located at the intersection of 16th Str. and 9th Ave.?

Hint: Let us sketch the map of streets and avenues in such a way that they form a
square grid (the scales are not relevant in the context of this problem). Now let us fold
this paper map along the Sigmaway diagonal, and imagine that the tourist walks on the
paper map as he did in 5pt. problem...

Answer: 63/128

Solution: Let us sketch the map of streets and avenues in such a way that they form a
square grid (the scales are not relevant in the context of this problem). Now let us fold this
paper map along the Sigmaway diagonal (see Figures below). When we do so, the left
part of the map will go under the right one. Let the tourist walk on the paper map as he did
in 5pt. problem (ignoring the Sigmaway). If we look at the tourist’s walk at the folded map,
regardless whether his is locate on the front or on the back, it will look as if he walks only
at the “allowed” part of the city. Furthermore, he will still be going either north or east, with
equal probability at each intersection, except at the diagonal (Sigmaway). At the diagonal
he would always go North (the tourist from 5pt problem will think that he made a choice
between East and North, but on the folded map they are the same). This means that we
can solve the 10 pt problem by first solving 5pt. The probability of getting near Museum is
equal to probability of getting there in the previous problem PLUS the probability of getting
to point X which is a mirror image of the museum location with respect to the Sigmaway.
That point is located at the intersection of 10th Ave. and 15 Str. of the original unfolded
map. One needs to walk 3 blocks north and 5 to the east, to get there, so the probability

of ever getting to point X is ¢C,/256 = 56/256 . The overall result is (56+70)/256=63/128.
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PHYSICS

This month problems are on the Archimedes’ principle and on the law of the lever. You

might find the following links useful.

Buoyancy: http://hyperphysics.phy-astr.gsu.edu/hbase/pbuoy.html#arch3
https://en.wikipedia.org/wiki/Archimedes%27_principle

Center of mass: http://hyperphysics.phy-astr.gsu.edu/hbase/cm.html

Torque and equilibrium:  http://hyperphysics.phy-astr.gsu.edu/hbase/torqg.html

5 points: A bird of mass m stands at the corner of the wooden log of square
cross-section and mass M floating in the water, such that the corner at which the bird
stands is level with water, while the level of water on the opposite side of the square log
is at the middle of that side (see picture below). Find the level of water (how far the log
will be immersed in water) when bird moves to the center of the log.
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Hint: What volume of the log is immersed in water? Use Archimedes’ principle.
Answer: 3/4a

Solution: By Archimedes’ principle (M + m)g = pV g, where mis the mass of the bird
and V is the volume immersed into water (p is the density of water and gis the free fall
acceleration). It is clear that the volume ¥ immersed into water is the same in both
cases. In the first picture from simple geometry we find that the log is immersed by % of
its volume. Therefore, in the second picture the log is immersed by 3/4 a.


http://hyperphysics.phy-astr.gsu.edu/hbase/pbuoy.html#arch3
https://en.wikipedia.org/wiki/Archimedes%27_principle
http://hyperphysics.phy-astr.gsu.edu/hbase/cm.html
http://hyperphysics.phy-astr.gsu.edu/hbase/torq.html

10 points: A bird of mass m stands at the corner of the wooden log with an L-shaped
cross-section with dimensions shown in the Figure. The log is floating in the water, so
that the corner at which the bird stands is level with water and the bottom of the log is
horizontal. Find the mass of the log M .

m M S

Hint: Use the law of the lever for the bird and the part of the log above the water
relative to the center of the log.

Answer: M = 6m.

Solution: Let us consider all torques acting on the log relative to the center of the log
(geometric center of the large square). Both buoyancy force and the weight of the
bottom (immersed) part of the log have zero torque relative to the center. This is clear
because one can think of both of these forces as being applied to the center of mass of
the bottom part and the lever arm of these forces with respect to the center is zero.
From the balance of the torques of the weight of the bird and of the weight of the upper
part of the log we have mga = (M/3)g(a/2) again assuming that the weight of the upper
part of the log is applied to its center of mass. We immediately obtain M = 6m.



CHEMISTRY

5 points:

You are organizing the Escape-the-Lab game. In this game, players have to obtain a
four digit number to open the last lock. To solve this puzzle, players use the following
set of objects: two sets of bottles with some colorless aqueous solutions inside (the
bottles are labeled as 1, 2, 3, 4, and A, B, C, D, accordingly), and a 4x4 rack with empty
test tubes. The test tubes are labeled as shown on the scheme below:

1a 2a 3a4a
1b 2b 3b 4b
1c 2c 3c 4c
1d 2d 3d 4d

These labels are a clue: players are supposed to mix a solution from the bottle 1 and a
solution from the bottle 'a" in the test tube 1a, a solution from the bottle 2 and the bottle
'a’ in the test tube 2a, etc. When the solutions are added to all test tubes, precipitation

occurs in some of them, so they will look like this:

O00XO
0o00O0
000X
O XXX

where '0' means a clear solution, and 'x' means a precipitation.
That corresponds to the binary numbers 0010 (2), 0000 (0), 0001 (1), and 0111 (7),
which is the code (2017) that opens the lock.

Question: which chemicals should you use to prepare solutions 1, 2, 3, 4, A, B, C, and
D?
Solution:

There are many solutions to this problem, a possible solution can be:

5pt: 1 water, 2 barium nitrate, 3 silver nitrate, 4 zinc sulfate; a NaCl, b water, ¢ barium
nitrate, d sodium carbonate.



The products of these reactions are as follows (only precipitated solids are shown):

H,O
NaCl: 1a
H20: 1b
Ba(NO,),: 1c
Na,CO;: 1d

Ba(NO,), AgNO, ZnS0O,
2a 3a AgCl 4a

2b 3b 4b

2c 3c 4c BaSO,

2d BaCO, 3d Ag,CO, 4d ZnCO,

Below are the photos of each row taken separately (after the chemicals have been

Row C:



If you provide a different solution, you will get a full score if your solution works.

10 points:

You are organizing the Escape-the-Lab game. In this game, players have to obtain a
four digit number to open the last lock. To solve this puzzle, players use the following
set of objects: two sets of bottles with some colorless aqueous solutions inside (the
bottles are labeled as 1, 2, 3, 4, and A, B, C, D, accordingly), and a 4x4 rack with empty
test tubes. The test tubes are labeled as shown on the scheme below:

1a 2a 3a4a
1b 2b 3b 4b
1c 2c 3c 4c
1d 2d 3d 4d



These labels are a clue: players are supposed to mix a solution from the bottle 1 and a
solution from the bottle 'a’ in the test tube 1a, a solution from the bottle 2 and the bottle
'a' in the test tube 2a, etc. When the solutions are added to all test tubes, precipitation
occurs in some of them, so when the secret number is, for example, 2018, the array of
test tubes will look like this:

ooxo (i.e.0010)
oooo (i.e.0000)
ooox (i.e.0001)
xooo0 (i.e. 1000)

where '0' means a clear solution, and 'x' means a precipitation; in that case it
corresponds to the binary numbers 0010 (2), 0000 (0), 0001 (1), and 1000 (8).

Question: which chemicals should you use for solutions 1, 2, 3, 4, A, B, C, and D if you
need to encode the number 20187

Solution: There are many solutions to this problem, a possible solution can be:

1 sodium sulfate, 2 water, 3 silver nitrate, 4 NaOH; a NaCl, b water, ¢ magnesium
acetate (or chlorate), d barium nitrate.

The products of these reactions are as follows (only precipitated solids are shown):

Na,SO, H,O AgNO, NaOH
NaCl: 1a 2a 3a AgCl 4a
H20: 1b 2b 3b 4b
Mg(CH,COO0),: 1c 2c 3c 4c Mg(OH),
Ba(NO,), : 1d BaSO, 2d 3d 4d
Below are the photos of each row taken separately (after the chemicals have been

mixed):
Row A:






