
 

 

 

 

 

 

 

MATHEMATICS 

 

5 points: Find all prime numbers p such that for each of them there exists a natural number n 
so that  is a natural number.√n + √n + p  

 
 
Hint: Both  and  have to be natural numbers for their sum to be a natural number,√n  √n + p  
and the only way that is possible is if n and n + p are squares. 
 
10 points:  

a) 1 point: Find a solution to the equation where x and y are natural        yx2 − x − y2 = 1       
numbers. (Please write it as an ordered pair (x,y )) 

b) 7 points: Find all pairs of natural numbers (x,y) such that .yx2 − x − y2 = 1  
c) 2 points: Prove that there are no other possible solutions. 

 
Hint: Once you have found the pattern and some pair of numbers that works, you can use 
mathematical induction to prove that this pattern always works. 
 

  



 PHYSICS 

 

5 points:  
When at the restaurant chopsticks come out of the dishwasher, they are not aligned -- roughly                
half the chopsticks have tips pointing one way, and half the other way. Propose a method to                 
efficiently sort them based on their alignment. Explain the physical mechanism, and perform an              
experimental demonstration of your method. You can use (same-length) sharpened pencils to            
model chopsticks. 
  
Hint: think about a single chopstick balancing on the edge of a table (perpendicular to that                
edge).  
 
 
10 points:  
It is known that materials tend to expand in directions perpendicular to the direction of               
compression. To model this, consider a cell in which interatomic bonds are represented by              
springs as shown in the Figure below. The spring constants of all the springs are the same. Find                  
the ratio of the expansion of the cell in the perpendicular (vertical) direction to its compression                
along the direction of the applied force (horizontal).  Assume  all the deformations to be small. 

  
 
 
Hint: Consider the balance of forces acting on the “atom” in the upper left corner. 
 
 

  



CHEMISTRY 

 

 
5 points: 
During Sigma2019, the Mystery of chemical glassware semilab included the experiment called            
“extraction of caffeine from coffee”: coffee was extracted using an organic solvent called ethyl              
acetate, the organic phase is separated and evaporated, thereby yielding solid caffeine. Imagine             
that Mark forgot to bring ethyl acetate to Sigma. Would it still be possible to do that experiment if                   
the only organic solvents available to Mark were: ethanol, hexane, acetone, dichloromethane,            
acetic acid, and all needed inorganic chemicals? What should Mark do in that situation?  
  
Hint:  
This type problems can be solved using two different approaches: we either prepare a solvent 
that we need using available chemicals, or we use another solvent with similar properties. 
Which approach is the best in our case? The first one? The second one? Maybe, both?  
  
 
10 points: 
Imagine you have to prepare as much hydrogen as possible, and you can spend $40 for 
chemicals (you can buy whatever you want from Amazon; shipping cost is not included). What is 
the maximal volume of hydrogen that you can prepare? Shipping cost is not included.  
Hint:  
Obviously, one of the simplest ways is to use some metal that produces hydrogen in a reaction 
with some other chemical. The difference between this problem and similar problems of that 
kind is that you have to calculate the amount of hydrogen per $40, not the amount of hydrogen 
per one mole (or gram, etc) of chemicals. 
 

 

  




